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UNIFORMLY BOUNDED ORTHONORMAL SECTIONS OF POSITIVE
LINE BUNDLES ON COMPLEX MANIFOLDS
BERNARD SHIFFMAN
To Duong H. Phong on the occasion of his 60th birthday
Abstract. We show the existence of uniformly bounded sequences of increasing numbers
of orthonormal sections of powers Lk of a positive holomorphic line bundle L on a compact
Ka¨hler manifold M . In particular, we construct for each positive integer k, orthonormal
sections sk
1
, . . . , sknk in H
0(M,Lk), nk ≥ β dimH0(M,Lk), such that {skj } is a uniformly
bounded family, where β is an explicit positive constant depending only on the dimension
of M . For m = 1, we can take β = .99564.
1. Introduction
In [Bo], Bourgain constructed a uniformly bounded orthonormal basis for the Hilbert space
of holomorphic polynomials on the 3-sphere S3 ⊂ C2. An open question is whether a bounded
basis exists in higher dimensions, i.e., on S2m+1 ⊂ Cm+1 for m ≥ 2, or more generally on the
boundary of a relatively compact strictly pseudoconvex domain D in a complex manifold
Y . An important case, which in fact drives this research, is where Y is the dual bundle
L−1 of a positive line bundle L over a compact Ka¨hler manifold M , and D. → M is the
circle bundle consisting of elements of L−1 of length 1; we then seek a bounded orthonormal
basis for the space H2(D. ) of CR holomorphic funcions on D. . Specifically, we identify H2(D. )
with the direct sum
⊕∞
k=0H
0(M,Lk) of holomorphic sections of powers of L (see Section 2),
and we conjecture that there exists a uniformly bounded sequence of orthonormal bases
for the spaces H0(M,Lk), k ∈ Z+. Indeed, if L → M = CPm is the hyperplane section
bundle, then D. = S
2m+1, and the Hilbert space H2(D. ) is the L2 completion of the space
of polynomials on Cm+1 restricted to S2m+1. In this case, H0(CPm, Lk) is the space of
homogeneous holomorphic polynomials of degree k on Cm+1.
In this paper, we give a partial answer to the question of the existence of uniformly
bounded orthonormal bases:
Theorem 1.1. Let (L, h)→ (M,ω) be a Hermitian holomorphic line bundle over a compact
Ka¨hler manifold, with positve curvature Θh and Ka¨hler form ω =
i
2
Θh. Then there exist
positive constants C, β such that for each positive integer k, we can find sets of orthonormal
holomorphic sections
sk1, . . . , s
k
nk
∈ H0(M,Lk), nk ≥ β dimH0(M,Lk) ,
such that ‖skj‖∞ ≤ C for 1 ≤ j ≤ nk, for all k ∈ Z+.
Date: April 5, 2014.
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The inner product on H0(M,Lk) is the L2 inner product induced from the metric hk on
Lk and the volume form 1
m!
ωm on M , where we let m = dimM ; see (3). The sup-norm is
given by ‖sk‖∞ = supz∈M |sk(z)|hk(z), for sk ∈ H0(M,Lk). We recall that
dimH0(M,Lk) =
1
m!
c1(L)
mkm +O(km−1) , (1)
by the Riemann-Roch Theorem and Kodaira Vanishing Theorem, so nk grows at the rate
km.
To compare Theorem 1.1 with known results, we note that the author and Zelditch showed
in [SZ2] that for 2 < p <∞, random sections in H0(M,Lk) of unit L2 norm satisfy a uniform
Lp bound independent of k except for rare events of probability < exp(−Ck2m/p). Thus
randomly chosen sequences of orthonormal bases will almost surely have uniform Lp bounds
for all p < ∞. But random sections in H0(M,Lk) of unit L2 norm will have L∞ norms
approximately equal to
√
m log k with high probability [FZ] (see also [SZ2]), so random
sequences will almost surely not be uniformly bounded.
We shall also give explicit positive constants βm depending only on the dimension m of M
such that Theorem 1.1 holds for all β < βm. (See Theorem 4.1.) For example, for dimM = 1,
there exist uniformly bounded orthonormal sections sk1, . . . , s
k
nk
∈ H0(M,Lk) with
nk ≥ (.99564) dimH0(M,Lk) , for all k ∈ Z+ .
Theorem 4.1 also gives upper bounds for lim supk→∞
[
max1≤j≤nk ‖skj‖∞
]
. The following
result is a consequence of Theorem 4.1:
Theorem 1.2. Let (L, h) → (M,ω) be as in Theorem 1.1. Then there exists a sequence of
holomorphic sections sk ∈ H0(M,Lk), k = 1, 2, 3, . . . , such that ‖sk‖2 = 1 for all k ∈ Z+
and
lim sup
k→∞
‖sk‖∞ ≤ κmVol(M)−1/2 ,
where κm is a universal constant depending only on m = dimM .
For a continuous section ψ ∈ C0(M,Lk), one trivially has ‖ψ‖∞/‖ψ‖2 ≥ Vol(M)−1/2, with
equality if and only if |ψ|hk is constant. Thus, the constant κm can be regarded as a measure
of the asymptotic “flatness” of the sections {sk}.
Applying Theorem 1.2 to the case whereM = CPm and L is the hyperplane section bundle
O(1) with the Fubini-Study metric, so that H0(CPm, Lk) can be identified with the space of
homogeneous holomorphic polynomials of degree k on Cm+1, with the Lp norm of a section
given by the Lp norm of the corresponding polynomial over the unit sphere S2m+1 ⊂ Cm+1,
we obtain the following result:
Corollary 1.3. For all m ≥ 1, there exists a sequence of homogeneous holomorphic poly-
nomials pk on C
m+1 such that deg pk = k and
sup
k
‖pk‖L∞(S2m+1)
‖pk‖L2(S2m+1) < +∞ .
The result of Bourgain [Bo] mentioned at the beginning of this paper gives uniformly
bounded sequences of orthonormal bases for the spaces H0(CP1, Lk) (which we identify with
UNIFORMLY BOUNDED ORTHONORMAL SECTIONS 3
the spaces of holomorphic homogeneous polynomials on C2). These bases are of the form
skj =
1√
k + 1
k∑
q=0
e2πijq/(k+1) σq χ
k
q , 1 ≤ j ≤ k + 1 , (2)
where χk0, χ
k
1, . . . , χ
k
k are the L
2 normalized monomials in H0(CP1, Lk), and σq = ±1. (A
deep part of the argument in [Bo] is to choose the signs of the σq appropriately to obtain
uniform bounds.) Our method is to begin with coherent states peaked at “lattice points” in
the manifold M in place of the monomials χkq which peak along circles in CP
1. While the
monomials are orthogonal, the coherent states are only approximately orthogonal. So we then
modify the coherent states to make them orthogonal before constructing our orthonormal
sections skj as oscillating sums of the form (2) (but without the σq).
Corollary 1.3 implies the following result on spherical harmonics:
Corollary 1.4. Let m ≥ 1, and let ∆ denote the Laplacian on the round sphere S2m+1.
Then there exists a sequence of (real) eigenfunctions fk such that ∆fk = λkfk, where λk =
k(k + 2m) denotes the k-th eigenvalue of ∆, and
sup
k
‖fk‖L∞(S2m+1)
‖fk‖L2(S2m+1)
< +∞ .
Proof (assuming Corollary 1.3). Let pk = uk + ivk be as in Corollary 1.3. Then uk and vk
are (real) eigenfunctions of the Laplacian on the sphere with eigenvalue λk. We can choose
pk such that ‖uk‖2 ≥ ‖vk‖2 and thus ‖uk‖2 ≥ ‖pk‖/
√
2. We then let fk = uk. 
There are related open problems concerning the growth of L∞ norms of eigenfunctions on
compact Riemannian manifolds. For example, as far as we are aware, it remains unknown
if there are uniformly bounded sequences {fk} of eigenfunctions satisfying ∆fk = λkfk
with unit L2 norms on even-dimensional round spheres. VanderKam [Va] showed that ran-
dom sequences of eigenfunctions fk of unit L
2 norm on S2 satisfy the growth condition
‖fk‖∞ = O ((log k)2). We note that Toth and Zelditch [TZ] observed that the only com-
pact Riemannian manifolds with completely integrable geodesic flow and with eigenvalues of
bounded multiplicity and which carry a uniformly bounded orthonormal basis of eigenfunc-
tions are flat. A condition for manifolds to have less than maximal eigenfunction growth is
given in [SoZ].
The author would like to thank Zhiqin Lu, Dror Varolin, Steve Zelditch, and Junyan Zhu
for useful suggestions.
2. Background
We review in this section background on geometry and the Szego˝ kernel from [BSZ, SZ1,
SZ3, SZZ].
We let (L, h) be a positive Hermitian holomorphic line bundle over a compact complex
manifold M of dimension m, as in Theorem 1.1. If we let eL denote a nonvanishing local
holomorphic section over an open set Ω ⊂ M , then the curvature form of (L, h) is given
locally over Ω by
Θh = −∂∂¯ log |eL|2h .
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Positivity of (L, h) means that the curvature Θh is positive, so that ω :=
i
2
Θh is a Ka¨hler
form on M .
The Hermitian metric h on L induces Hermitian metrics hk on the powers Lk of the line
bundle, and we give the space H0(M,Lk) of global holomorphic sections of Lk the Hermitian
inner product
〈sk, s′k〉 =
∫
M
hk(sk, s′k)
1
m!
ωm , sk, s
′
k ∈ H0(M,Lk) , (3)
induced by the metrics h, ω. As in [BSZ, SZ1, SZZ], we lift sections sk ∈ H0(M,Lk) to the
circle bundle X
π→M of unit vectors in the dual bundle L−1 → M endowed with the dual
metric h−1. Since (L, h) is positive, X is a strictly pseudoconvex CR manifold. The lift
sˆk : X → C of the section sk is given by
sˆk(λ) =
(
λ⊗k, sk(z)
)
, λ ∈ π−1(z) .
The sections sˆk span the space H2k(X) of CR holomorphic functions sˆ on X satisfying
sˆ(eiθx) = eikθsˆ(x). This provides isomorphisms
H0(M,Lk) ≈ H2k(X) , sk 7→ sˆk .
We shall henceforth identify H0(M,Lk) with H2k(X) by identifying sk with sˆk.
The Szego˝ projector of level k is the orthogonal projector Πk : L
2(X)→ H2k(X), which is
given by the Szego˝ kernel
Πk(x, y) =
dk∑
j=1
Ŝkj (x)Ŝ
k
j (y) (x, y ∈ X) ,
where {Ŝk1 , . . . , Ŝkdk} is an orthonormal basis of H2k(X) and dk = dimH2k(X). It was shown
in [Ca, Ti, Ze] (see also [BBS]) that the Szego˝ kernel on the diagonal has the asymptotics:
Πk(x, x) =
km
πm
+O(km−1) . (4)
We write
Pk(z, w) :=
|Πk(x, y)|√
Πk(x, x)
√
Πk(y, y)
, x ∈ π−1(z), y ∈ π−1(w) . (5)
We shall apply the following off-diagonal asymptotics of this normalized Szego˝ kernel:
Proposition 2.1. Let b, q ∈ R+. Then
Pk(z, w) =

e−
k
2
[1+o(1)] dist(z,w)2 , uniformly for dist(z, w) ≤ b
√
log k
k
O(k−q) , uniformly for dist(z, w) ≥
√
(2q + 2m+ 1) log k
k
.
The estimates in Proposition 2.1 follow from Propositions 2.6–2.8 of [SZ3]. (See also [BBS,
MM]. In fact, one has the bound Pk(z, w) = O(e
−C
√
k dist(z,w)) [Ch, De, Li], which is sharper
than the above when dist(z, w) > k−1/2+ε, and the first estimate of the proposition holds for
dist(z, w) < k−1/3 [SZ1], but the estimates of the proposition suffice for our purposes.)
We shall apply Proposition 2.1 with q = m+ 1.
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3. proof of Theorem 1.1
The uniformly bounded sections we construct are the opposite of peak sections which
maximize the sup norm. We can think of these bounded sections as “flat sections” since
they lack large peaks. They will be constructed as linear combinations of peak sections
centered at “lattice points” in the following steps:
(1) Construct peak sections at lattice-like points; these sections will be approximately
orthonormal;
(2) modify the sections to be orthonormal;
(3) construct a family of linear combinations of these modified sections so they will be
orthonormal and uniformly bounded.
3.1. Step 1: approximately orthonormal peak sections. Here we follow the method
in [SZZ] based on the Szego˝ kernel asymptotics of Proposition 2.1. We repeat the argument
here, since we need slightly sharper estimates.
Choose a point z0 ∈M and identify Tz0M with R2m. Let
Ct := [−t, t]2m ⊂ R2m ≡ Tz0M
denote the 2m-cube of width 2t centered at the origin. Let γ > 1 be arbitrary, and choose t
sufficiently small so that
γ−1‖v − w‖ ≤ dist(expz0(v), expz0(w)) ≤ γ‖v − w‖ , for v, w ∈ C2t . (6)
For each k > 0, we construct a lattice of points {zkν} in M as follows: Let
Γk =
{
(ν1, . . . , ν2m) ∈ Z2m : |νj| ≤ t
√
k
a
}
, (7)
where a is to be chosen later. The number nk of points in Γk is given by
nk =
(
2
⌊
t
√
k
a
⌋
+ 1
)2m
=
(
2t
a
)2m
km +O(km−1/2) . (8)
It follows from (8) and the Riemann-Roch theorem (1) that nk ≥ β dimH0(M,Lk) for some
positive consant β.
We now begin our construction of nk orthonormal sections in H
0(M,Lk) ≡ H2k(X): We
let
zkµ = expz0
(
a√
k
µ
)
∈ expz0(Ct), for µ ∈ Γk . (9)
We choose points ykµ ∈ X with π(yµ) = zµ, where we omit the superscript k to simplify
notation. We consider the L2-normalized coherent states
Φkµ(x) :=
Πk(x, yµ)√
Πk(yµ, yµ)
(µ ∈ Γk) , (10)
at the lattice points zµ. These sections are “almost” orthonormal, since〈
Φkµ,Φ
k
ν
〉
=
∫
Πk(x, yµ)Πk(yν , x) dx√
Πk(yµ, yµ)
√
Πk(yν, yν)
=
Πk(yν , yµ)√
Πk(yµ, yµ)
√
Πk(yν, yν)
, (11)
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and thus ∣∣〈Φkµ,Φkν〉∣∣ = Pk(zµ, zν) , (12)
which decays rapidly for µ 6= ν, thanks to Proposition 2.1.
3.2. Step 2: orthonormal peak sections. The next step is to modify the set {Φkν} of
coherent states to obtain an orthonormal set {Ψkν}. As in [SZZ], we consider the Hermitian
nk × nk matrices
∆k = (∆µν), ∆µν =
〈
Φkµ,Φ
k
ν
〉
, for µ, ν ∈ Γk .
We note that by (11), the diagonal entries of ∆k are 1. Since |∆µν | = Pk(zµ, zν), Proposition
2.1 (with q = m+ 1) says that
|∆µν | ≤ e[−1+o(1)] k2 dist(zµ,zν)2 , if dist(zµ, zν) ≤ b
√
log k
k
, (13)
|∆µν | = O(k−m−1), if dist(zµ, zν) ≥ b
√
log k
k
, (14)
where b =
√
4m+ 3.
It was shown in [SZZ, p. 1987] that for all η > 0, we can choose the constant a in (9) such
that
max
µ∈Γk
(∑
ν∈Γkr{µ} |∆µν |
)
≤ η , for k ≫ 0 . (15)
We give below a simplified proof of (15), which yields an estimate for a:
Fix an element µ0 ∈ Γk. By (8) and (14), we have∑
ν∈Γkr{µ0}
|∆µ0ν | =
∑
ν∈Γk(µ0)
|∆µ0ν |+O(k−1) ,
where
Γk(µ0) =
{
ν ∈ Γk : 0 < dist(zµ0 , zν) ≤ b
√
log k
k
}
.
Let ε > 0 be arbitrary. By (13),∑
ν∈Γk(µ0)
|∆µ0ν | ≤
∑
ν∈Γk(µ0)
e−
k
2
(1−ε) dist(zµ0 ,zν)2 , for k ≫ 0 .
Now let a′ = a/γ, and let a˜ = a′
√
1− ε. Since dist(zν , zµ0) > a
′√
k
‖ν − µ0‖, we then have by
(13) ∑
ν∈Γk(µ0)
|∆µ0ν | ≤
∑
ν∈Γk(µ0)
e−a˜
2‖ν−µ0‖2/2 =
∑
ν∈Zmr0
e−a˜
2‖ν‖2/2 =
[ ∞∑
j=−∞
e−a˜
2j2/2
]2m
− 1
<
[
1 +
∫ ∞
−∞
e−a˜
2x2/2 dx
]2m
− 1 =
(
1 + a˜−1
√
2π
)2m
− 1 ,
for k ≫ 0. Thus (15) holds whenever(
1 + a˜−1
√
2π
)2m
≤ 1 + η . (16)
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Recall that the ℓ∞ → ℓ∞ mapping norm of a linear map A ∈ Hom(Cn,Cn) is given by
‖A‖ℓ∞→ℓ∞ = sup{‖Av‖ℓ∞ : v ∈ Cn, ‖v‖ℓ∞ = 1} = max
1≤µ≤n
n∑
ν=1
|Aµν | , (17)
where ‖v‖ℓ∞ = max1≤µ≤n |vµ|. By (15)–(17), we have:
Lemma 3.1. Let ∆k = I − Ak. Suppose that
a >
γ
√
2π
(1 + η)1/2m − 1 , (18)
where γ satisfies the distortion bound (6). Then
lim sup
k→∞
‖Ak‖ℓ∞→ℓ∞ < η . (19)
In the following, we let 0 < η < 1, and we let a satisfy (18), so that ‖Ak‖ℓ∞→ℓ∞ ≤ η < 1
for k ≫ 0. It follows that the eigenvalues of ∆k are bounded below by 1− η, and therefore
∆k is invertible for k ≫ 0. From the Taylor series
(1− x)−1/2 =
∞∑
j=0
(2j)!
4j j!2
xj ,
it follows that the (positive definite Hermitian) square root of ∆−1k is given by
∆
−1/2
k = I +
∞∑
j=1
(2j)!
4j j!2
Ajk , (20)
where the series converges in the ℓ∞ → ℓ∞ mapping norm, for k ≫ 0. Furthermore by (19),
‖∆−1/2k ‖ℓ∞→ℓ∞ ≤ 1 +
∞∑
j=1
(2j)!
4j j!2
‖Ajk‖ℓ∞→ℓ∞ ≤
∞∑
j=0
(2j)!
4j j!2
‖Ak‖jℓ∞→ℓ∞
= (1− ‖Ak‖ℓ∞→ℓ∞)−1/2 ≤ (1− η)−1/2 , for k ≫ 0 . (21)
We write ∆
−1/2
k = Bk = (Bµν). To complete Step 2, we define the “quasi-coherent states”
Ψkµ =
∑
ν∈Γk
BµνΦ
k
ν ∈ H0(M,Lk) , for µ ∈ Γk. (22)
By definition,
〈Ψkµ,Ψkν〉 =
∑
ρ,σ∈Γk
BµρB¯νσ∆ρσ = δ
ν
µ ,
and thus the Ψkµ are orthonormal.
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3.3. Step 3: orthonormal flat sections. Our orthonormal uniformly bounded (“flat”)
sections {skj} are easily constructed from our orthonormal peak sections Ψkµ: Let ζ = e2πi/nk
be a primitive (nk)-th root of unity, and let τ
1, τ 2, . . . , τnk be the lexicographic (or any other)
ordering of the elements of Γk. We let
skj =
1√
nk
nk∑
q=1
ζqjΨkτq , 1 ≤ j ≤ nk . (23)
Since the Ψkτq are orthonormal,
〈skj , skl 〉 =
1
nk
nk∑
q=1
ζ (j−l)q = δjl , for 1 ≤ j, l ≤ nk ,
and thus {skj} is an orthonormal family. To verify that the skj are uniformly bounded, we
consider the linear maps
Fk : C
nk →H2k(X) , (v1, . . . , vnk) 7→
nk∑
j=1
vj Φ
k
τ j ,
with the ℓ∞ → L∞(X) mapping norm
‖Fk‖ℓ∞→L∞(X) = sup
{
sup
x∈X
∣∣∣∣∣∑
µ∈Γk
vµ Φ
k
µ(x)
∣∣∣∣∣ : |vµ| ≤ 1, for µ ∈ Γk
}
= sup
x∈X
∑
µ∈Γk
|Φkµ(x)| .
Lemma 3.2. ‖Fk‖ℓ∞→L∞(X) ≤ c km/2 , for some constant c < +∞.
Proof. Let x ∈ X be arbitrary, and let z = π(x) ∈M . Then by (4),
Φkµ(x) = Πk(x, x)
1/2Pk(z, zµ) =
(
π−m/2 + o(1)
)
km/2 Pk(z, zµ). (24)
We consider two cases:
Case 1: z /∈ expz0(C2t). Then d(z, zkµ) ≥ dist(z, Ct) ≥ t/γ for all µ and k, so by (14),
Pk(z, z
k
µ) = O(k
−m−1) and hence by (8) and (24),
∑
µ |Φkµ(x)| = o(km/2) uniformly for x ∈
X r π−1
(
expz0(C2t)
)
.
Case 2: z = expz0(p), where p ∈ C2t. As before, we suppose that ε > 0 and we let
a′ = a/γ, a˜ = a′
√
1− ε. As in the proof of (15),∑
µ∈Γk
Pk(z, zµ) ≤
∑{
e−
k
2
(1−ε) dist(z,zµ)2 : dist(z, zµ) ≤ b
√
log k
k
}
+O(k−1) .
By (6),
dist(z, zµ) ≥ γ−1
∥∥∥∥p− a√kµ
∥∥∥∥ = a′√k ‖pk − µ‖ , pk =
√
k
a
p .
Therefore∑
µ∈Γk
e−
k
2
(1−ε) dist(z,zµ)2 ≤
∑
µ∈Z2m
e−a˜
2‖µ−pk‖2/2 ≤
∑
µ∈Z2m
e−a˜
2‖µ‖2/2
<
[
1 +
∫ ∞
−∞
e−a˜
2x2/2 dx
]2m
=
(
1 + a˜−1
√
2π
)2m
,
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where the second inequality is by the Poisson summation formula applied to the function
f(x) = e−a˜
2x2/2. The estimate of the lemma then follows from (24). 
Completion of the proof of Theorem 1.1. It remains to show that the skj are uniformly bounded.
Combining (22)–(23), we have
skj =
1√
nk
nk∑
q=1
∑
ν∈Γk
ζqjBτqνΦ
k
ν .
Fix j and let
vν =
nk∑
q=1
ζqjBτqν , for ν ∈ Γk.
By Lemma 3.1 and (21),
|vν | ≤
nk∑
q=1
|Bτqν | =
nk∑
q=1
|Bντq | = ‖∆−1/2k ‖ℓ∞→ℓ∞ ≤ (1− η)−1/2 , (25)
where η = (1 + a˜−1
√
2π)m − 1. Thus by Lemma 3.2 and (25),
‖skj‖L∞(X) =
1√
nk
∥∥∥∥∥∑
ν∈Γk
Φkν vν
∥∥∥∥∥
L∞(X)
≤ 1√
nk
‖Fk‖ℓ∞→L∞(X) ‖Bk‖ℓ∞→ℓ∞ ≤ c√
1− η
km/2√
nk
,
for k sufficiently large. By (8), nk ≥ β ′km for a positive constant β ′, and therefore the skj
are uniformly bounded above. 
4. Universal bounds
In this section, we modify the above argument to obtain a universal value (depending only
on the dimension of M) of the fraction β in Theorem 1.1. We also give a universal bound
for the asymptotic sup norms of the orthonormal sections:
Theorem 4.1. There exist positive constants βm depending only on m ∈ Z+ such that if
(L, h) → (M,ω) is as in Theorem 1.1, with dimM = m, then for all β < βm, there exist
sets of orthonormal holomorphic sections
sk1, . . . , s
k
nk
∈ H0(M,Lk) , nk ≥ β dimH0(M,Lk) ,
such that the family {skj : 1 ≤ j ≤ nk, k ∈ Z+} is uniformly bounded.
Furthermore, there exist constants κm(β), depending only on m and β, such that the s
k
j
can be chosen to satisfy the universal asymptotic L∞ bound
lim sup
k→∞
[
max
1≤j≤nk
‖skj‖∞
]
≤ κm(β) Vol(M)−1/2 . (26)
Proof. Let am, βm ∈ R+ be given by
+∞∑
j=−∞
e−a
2
m j
2/2 = 21/2m , βm = π
m/a2mm . (27)
Suppose that β < βm, and choose a > am such that β < π
m/a2m. Then choose a˜ > am and
γ > 1 such that am < a˜ < a/γ. We decompose M into a finite number of disjoint domains
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{Uj}1≤j≤q with piecewise smooth boundaries such that M =
⋃q
j=1U j and that there exist
points pj ∈ Uj and open sets Wj ⊂ TpjM ≡ R2m such that exppj(Wj) = Uj ,
γ−1‖v − w‖ ≤ dist(exppj(v), exppj (w)) ≤ γ‖v − w‖ , for v, w ∈ Wj , (28)
and writing exp∗pj(
1
m!
ωm) = g(j) dx1 ∧ · · · ∧ dx2m,
0 < g(j)(v) ≤ 1 + δ
Vol(M)
, for v ∈ Wj , (29)
where δ > 0 is to be chosen later.
Choose smooth domains U ′′j ⊂⊂ U ′j ⊂⊂ Uj such that Vol(M r
⋃
U ′′j ) < δ, and let W
′′
j =
exp−1pj (U
′′
j ). By (29),
Vol(U ′′j ) =
∫
W ′′
j
g(j) dx1 ∧ · · · ∧ dx2m ≤
(
1 +
δ
Vol(M)
)
Vol(W ′′j ) ,
and therefore
q∑
j=1
Vol(W ′′j ) ≥
(
1− δ
Vol(M)
) q∑
j=1
Vol(U ′′j ) ≥ Vol(M)− 2 δ . (30)
For k ∈ Z+, we write
zkµj = exppj
(
a√
k
µ
)
for µ ∈ Z2m , 1 ≤ j ≤ q , (31)
and we let
Γkj =
{
µ ∈ Z2m : a√
k
µ ∈ W ′′j
}
= {µ ∈ Z2m : zkµj ∈ U ′′j } .
We thus obtain a collection of “lattice points” {zkµj : µ ∈ Γkj, 1 ≤ j ≤ q} throughout M . As
before, we choose points ykµj ∈ X with π(ykµj) = zkµj , and we consider the family of coherent
states
Φkµj(x) :=
Πk(x, y
k
µj)
Πk(ykµj, y
k
µj)
1/2
∈ H2k(X) , µ ∈ Γkj, j = 1, . . . , q ,
at these lattice points. It follows from (30) that the number nk of lattice points satisfies the
inequality
nk =
q∑
j=1
#(Γkj) =
km
a2m
q∑
j=1
Vol(W ′′j ) +O(k
m−1/2) >
Vol(M)− 3δ
a2m
km , for k ≫ 0 . (32)
To show that nk satisfies the lower bound of the theorem, we recall that the volume of M
is given by
Vol(M) =
∫
M
1
m!
ωm =
1
m!
∫
M
[π c1(L, h)]
m =
πm
m!
c1(L)
m . (33)
Let ε = πm/a2m − β > 0. Then by (1) and (32),
nk
dimH0(M,Lk)
>
m! [Vol(M)− 3δ]
c1(L)m a2m
=
πm − 3m! δ/c1(L)m
a2m
= β + ε− 3m!
a2m c1(L)m
δ ,
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for k ≫ 0. Choosing δ ≤ 1
3m!
a2mc1(L)
mε, we obtain the desired bound
nk > β dimH
0(M,Lk) . (34)
We now construct nk orthonormal sections of H2k(X) = H0(M,Lk) for k sufficiently large.
Following the approach of Section 3.2, we define the Hermitian nk × nk matrices
∆k = (∆(µj)(νl)), ∆(µj)(νl) =
〈
Φkµj ,Φ
k
νl
〉
, for µ ∈ Γkj, ν ∈ Γkl, 1 ≤ j, l ≤ q .
Recalling that a˜ > am, we let
η =
(
+∞∑
j=−∞
e−a˜
2 j2/2
)2m
− 1 < 1 .
Fix µ0, j0, with µ0 ∈ Γkj0. Since a˜ < a/γ, we see by the argument in Section 3.2 that∑
(µ,j)6=(µ0,j0)
∆(µ0j0)(µj) ≤
∑
ν∈Zmr0
e−a˜
2‖ν‖2/2 +O(k−1) = η +O(k−1).
Therefore, for k sufficiently large, ∆k is invertible and we have
‖∆−1/2k ‖ℓ∞→ℓ∞ ≤ (1− η)−1/2 + O(k−1) .
We can then construct as before the orthonormal family
Ψkµj =
∑
νl
[∆
−1/2
k ](µj)(νl)Φ
k
νl ∈ H2k(X) , for k ≫ 0 . (35)
We let τ 1, τ 2, . . . , τnk be an (arbitrary) ordering of the indices (µj). As in Section 3.3, we
define the orthonormal sections
skj =
1√
nk
nk∑
q=1
ζqjΨkτq , 1 ≤ j ≤ nk . (36)
and we consider the linear maps
Fk : C
nk →H2k(X) , (v1, . . . , vn) 7→
nk∑
j=1
vj Φ
k
τ j .
By the proof of Lemma 3.2 (with C2t replaced with
⋃
U ′j), we conclude that
‖Fk‖ℓ∞→L∞(X) ≤ (1 + η + o(1)) k
m/2
πm/2
.
for k sufficiently large. It then follows as before that
‖skj‖L∞(X) ≤
1√
nk
‖Fk‖ℓ∞→L∞(X) ‖∆−1/2k ‖ℓ∞→ℓ∞ ≤
1 + η + o(1)
πm/2
√
1− η
km/2√
nk
,
for k sufficiently large. Since dimH0(M,Lk) = 1
πm
Vol(M)[km + o(km−1)], it follows from
(34) that
nk >
β
πm
Vol(M) km , for k ≫ 0 ,
and therefore
‖skj‖L∞(X) <
1 + η√
β(1− η) Vol(M)
−1/2 , for k ≫ 0 . (37)
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Remark: The bound in (37) depends on the choice of a˜ < a/γ < a < π1/2/β1/2m. However,
if one chooses a sequence a˜(ν) ր π1/2/β1/2m, then from the resulting sequences {skj (ν)} we
can construct {skj} satisfying (37) with
η =
[
+∞∑
j=−∞
exp
(
− πj
2
2 β1/m
)]2m
− 1 .
4.1. Numerical values for βm. Solving (27) numerically using Maple 18 , we obtain the
following values (to 5 decimal places): β1 ≈ .99220, β2 ≈ .44342, β3 ≈ .17782, β4 ≈ .06630,
β5 ≈ .02345, β6 ≈ .00796.
However, one obtains larger values of the constants βm in Theorem 4.1 by using the lattice
points
zkµj = exppj
[
a√
k
(µ1 + e
iπ/3µ2, µ3 + e
iπ/3µ4, . . . , µ2m−1 + eiπ/3µ2m)
]
, (38)
for µ = (µ1, . . . , µ2m) ∈ Z2m (where we identify TpjM ≡ R2m ≡ Cm), instead of the points
of the lattice (31). In place of (32), we have
nk >
(
2√
3
)m
Vol(M)− 3δ
a2m
km , for k ≫ 0 .
We note that |µ1 + eiπ/3µ2|2 = µ21 + µ22 + µ1µ2; then in place of (27), we let αm, β ′m ∈ R+ be
given by ∑
µ∈Z2
e−α
2
m(µ
2
1+µ
2
2+µ1µ2)/2 = 21/m , β ′m =
(
2√
3
)m
πm
α2mm
=
(
2π√
3α2m
)m
. (39)
Let β < β ′m, and choose γ, α, α˜ such that αm < α˜ < α/γ and β <
(
2π√
3α2
)m
. Repeating
the proof of Theorem 4.1, we obtain the estimate
∑
(µ,j)6=(µ0,j0)
∆(µ0j0)(µj) ≤
∑
µ∈Z2
e−α˜
2(µ21+µ
2
2+µ1µ2)/2
m − 1 +O(k−1) .
We then conclude that
nk
dimH0(M,Lk)
>
(
2√
3
)m
Vol(M)− 3δ
c1(L)m α2
=
(
2√
3
)m
πm − 3 δ/c1(L)m
α2m
> β ,
for k ≫ 0, if δ is chosen small enough. Thus Theorem 1.1 holds for all β less than the value
of β ′m given by (39). Solving (39) numerically using Maple 18 , one obtains the better values
(to 5 decimal places): β ′1 ≈ .99564, β ′2 ≈ .45867, β ′3 ≈ .19254, β ′4 ≈ .07572, β ′5 ≈ .02838,
β ′6 ≈ .01024. In dimension 1, the lattice (38) appears to give the best value of β1 (compared
with other lattices), but this lattice is probably not optimal for m ≥ 2. An open question is
whether the result can be improved further by using coherent states at other collections of
points, e.g., Fekete points.
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